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ABSTRACT: We study the behavior of a uniformly charged polyelectrolyte confined in a circular cylindrical
pore with constant surface potentials. From Green’s function theory with an effective step-length
renormalized by monomer-monomer interactions, the partition coefficient and associated chain conforma-
tions are predicted in a variety of situations. Depending upon the ionic strength of surrounding fluids,
the polyelectrolyte conformation may be stretched and follow a self-avoiding walk, yielding a significant
reduction in the partition coefficient compared to the ideal chain result. The monomer-monomer
interaction is found to be as important as the polymer-pore interaction in determining the partitioning
behavior, especially in the long-chain regime, due to the characteristics of confined spaces.

I. Introduction

Polymers in confined spaces have been the subject of
much interest,1 not only because they are interesting
theoretically but also because there are many practical
applications such as membrane filtration, size exclusion
chromatography, and DNA gel electrophoresis. The
primary factor governing the conformational properties
of polymers in confined spaces is the reduced chain
entropy due to the steric repulsion of the wall.2 When
the polymer repulsively interacts with the wall, the
chain statistical weight can be further reduced since the
repulsion may bring about a stronger chain confinement
by forming a depletion layer near the wall. On the other
hand, a competing mechanism may exist if the confining
wall attractively interacts with the chain molecules. The
attraction effectively cancels the steric repulsion at the
adsorption-desorption threshold, beyond which the
chain prefers being localized near the attracting wall.
Therefore, the long-range polymer-pore interaction,
whether repulsive or attractive, should be no less
important than the short-range steric polymer-pore
interaction in determining the statistical weight of
polymers confined in a pore.3,4

Because of the strong coupling between the conforma-
tion and dynamics of polymers,5 the polymer-pore
interaction plays an important role also in the dynamics
of polymers in confined spaces.6 While the hindered
diffusion of finite-sized colloidal particles in confined
spaces has been extensively studied,7 understanding the
diffusion of polymers in random or regular confining
geometries is still in a primitive stage.8,9 In general, the
chain transport coefficient is given by the partition
coefficient times the hindrance factor arising from the
hydrodynamic interaction between the chain and the
wall.7 It is therefore essential to know the partition
coefficient as well as the associated chain conformation
to study the hindered diffusion of polymers in confined
spaces.

Unlike the partitioning of colloids into confined
spaces, where rigorous studies have been performed,7,10

partitioning of polymers has been investigated only in

a few limited situations.1 Casassa derived an analytical
expression for the steric partition coefficient of an ideal
chain, which emphasizes the chain entropy reduction
due to confinements.11 Using the scaling theory, Daoud
and de Gennes studied the effects of excluded volume
interaction.12 Deen and co-workers numerically solved
the diffusion-type equation and studied the polyelec-
trolyte partitioning into a spherical cavity3 as well as
into a cylindrical pore.4 Their investigation was suc-
cessful in illustrating the role of polymer-pore interac-
tions, yet the effects of intramolecular interactions as
well as the associated chain conformations remain in
question. More rigorous approaches have been employed
recently to study the behavior of polyelectrolytes inter-
acting with charged flat surfaces,13 emphasizing the
effects of charge distribution along the chain contour.
Experimental works on the partitioning of flexible
polymers have been provided,14-16 focusing on the effects
of molecular weights, excluded volume interactions, and
polymer-pore steric interactions. For the steric parti-
tion coefficient, theoretical predictions with or without
the excluded volume effect were confirmed,14,15 but
pertinent experiments regarding the effects of polymer-
pore interactions as well as intramolecular interactions
should be performed.

In this paper, we address the problem of polyelectro-
lytes partitioning into a circular cylindrical pore filled
with ionic solutions. Especially, we focus on the effects
of screened electrostatic interactions and excluded
volume interactions between monomers and the pore
wall as well as between pairs of monomers. Since the
problem inherently includes many body interaction
between pairs of monomers, a Gaussian chain theory
is used with an effective segmental length renormalized
by the intramolecular interactions, which is originally
suggested by Muthukumar.17 By adapting this effective
step-length description, we reduce the problem to a
familiar Schrödinger problem with external potentials,
and then apply the standard perturbation theory and a
variational theory depending upon the polymer-pore
interaction parameters. We neglect the counterion ef-
fects and determine the electrostatic potential within
the pore by using the Debye-Hückel approximation.
Therefore, our results are strictly valid when the* Corresponding author. E-mail: mschun@kist.re.kr.
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polyelectrolyte has a low charge density and the pore
wall is maintained with a small electrostatic potential.
As the main results, partition coefficients of polyelec-
trolytes are presented in a variety of situations, and the
associated chain conformational properties are dis-
cussed in terms of the monomer distribution function
and the polymer radius of gyration.

This paper is organized as follows. In section II, the
partition coefficient of polyelectrolytes is defined, and
results for a limiting situation are discussed. In section
III, the effective step-length description is introduced,
and the steric partition coefficient is calculated. In
section IV, the weakly screened electrostatic interaction
regime is examined using the first-order perturbation
theory. In section V, effects of the strongly screened
interaction are investigated using a variational theory.
Finally, a summary is given in section VI.

II. Definition of the Partition Coefficient
Consider a dilute solution of uniformly charged poly-

electrolytes exposed to a cylindrical pore as shown in
Figure 1. The polymers would prefer either being
situated within the pore or being situated in the bulk
solution, depending upon its radius of gyration, its
interaction with the pore wall, and the screening effect.
As a measure of this preference, we define the partition
coefficient of a polymer as

where kBT is the thermal energy and F is the free
energy required for a polymer to be inserted into the
pore from the bulk solution. In case that there exists
only the steric interaction between the polymer and the
pore wall, the partition coefficient may be reduced to

where ∆S is the entropy reduction due to the confine-
ment of the pore. The partition coefficient K is the
probability of finding a polymer in the pore, which can
also be interpreted as the ratio of equilibrium concen-
trations in the pore and in the bulk solution.

To study the partitioning behavior of polyelectrolytes,
one has to know the electrostatic potential function
within the pore. We use the Debye-Hückel approxima-
tion for the electrostatic potential φ(r) in a sufficiently
long circular cylindrical pore with radius R. Then φ(r)
satisfies

where κ is the inverse Debye screening length defined
by

Here Z is the valency of the ions in the surrounding
fluids, and F0 is the electrolyte concentration. Through-
out this paper, we set the elementary charge and the
dielectric constant of the ionic solution equal to unity.
The solution of eq 3 in cylindrical coordinates is given
by

where φ0 is the constant electrostatic potential on the
pore wall at r ) R and I0(x) is the modified Bessel
function of the first kind of order zero. In Figure 2, the
potential function is plotted for several values of κR.
When κ f 0, the potential φ(r) has a constant value φ0
everywhere within the pore. On the other hand, when
κR has a nonvanishing value, the screening effect turns
on and develops a double layer with thickness κ-1 from
the pore wall.

Let us now consider a limiting situation that the
polymer coil size is much smaller than the pore radius
R and the Debye length κ-1. In this case, the polymer-
pore interaction hardly affects the polymer conforma-
tion, so that the polymer can be assumed to be a
colloidal particle. We set the total charge of the polymer
equal to Lσ, with L the polymer contour length and σ
the charge density along the contour. Then the partition
coefficient can be written as

where â ) 1/kBT. By numerically integrating this
expression, one can obtain the partition coefficient as
shown in Figure 3. As expected, the partition coefficient
decreases as âσLφ0 increases. Note also that the screen-
ing effect appears when κR becomes larger than unity.
An analytic expression for the partition coefficient is
available in the weak ionic strength regime (κR j 1).
Using an approximate expression for the potential

one can calculate the partition coefficient from eq 6 as

Figure 1. Schematic view of a polyelectrolyte partitioning into
a cylindrical pore. The pore wall is maintained with fixed
electrostatic potential, and the ions are floating around.

Figure 2. Electrostatic potential inside the cylindrical pore
for various values of κR.
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where µ ≡ (κ2R2/8)âσLφ0. The results in this colloidal
particle limit will serve as a reference that can be
compared to the more complex situations to be discussed
below.

III. Statistical Mechanics of a Polyelectrolyte
Confined in a Pore: The Steric Partition
Coefficient

The Green’s function GL(r,r′) of a polymer with its
contour length L, defined as the probability of finding
one end at r when the other end is located at r′, can be
written in the functional integral form as follows:

where l is the Kuhn length and W[R(s)] is the total
interaction energy arising from the intramolecular
interactions as well as from the polymer-pore interac-
tion. We consider the interaction energy modeled as

The first term is the screened electrostatic interaction
between all pairs of the chain segments with wc ) âσ2

) lBσ2, where lB is the Bjerrium length. The second term
is the short-range excluded volume interaction with

where u(r) is the potential energy due to the steric
interaction between two monomers with distance vector
r. The last term in eq 10 represents the electrostatic
interaction between the polymer and the pore wall.
Here, U(R(s)) ds is the potential energy of the chain
segments from R(s) to R(s + ds) given by

where r is the radial distance of R(s) from the cylinder
axis.

Since the functional integral in eq 9 is difficult to
handle due to the complicated potential energy, we
follow the variational procedure suggested by Muthu-
kumar.17 Considering the intramolecular interaction
separately, the polyelectrolyte can be treated as an ideal
chain with an effective step-length le instead of l. Then
Green’s function in eq 9 can be approximated as

In the above, the effective step-length le is given by17

where

with

In eq 16, we corrected trivial errors in the original
paper.17 The effective step-length obtained from the
above formula is shown in Figure 4 for various values
of κl. There appears a crossover from le ∼ L to le ∼ L1/5

at a chain length corresponding to κRG ≈ 1, where RG
) (Lle/6)1/2 is the polymer radius of gyration. This leads
to the following behavior in RG

2:

which represents a crossover from stretched to self-
avoiding chain regime.

The effective step-length description is a mean field
approximation of intramolecular interactions. In this
approach, the Gaussian chain conformation is assumed
so that the external potential plays no role in determin-

Figure 3. Partition coefficient K of a polyelectrolyte in the
small radius of gyration limit. K is identical to the partition
coefficient of a colloidal particle with charge σL.
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Figure 4. Effective step-length le as a function of chain
contour length L for different values of κl. (w/l ) 1, and wcl )
0.1).

GL(r,r′) = ∫R(0) ) r′
R(L) ) r

D[R(s)] exp[- 3
2le

∫0

L
ds

(∂R(s)
∂s )2

- â∫0

L
ds U[R(s)]] (13)

le
3/2[1l - 1

le] ) úev + úc (14)

úev ) 4
3( 3

2π)3/2 wL1/2

le
(15)

úc ) 4
45(6

π)1/2

wcL
3/2[15π1/2ea

2a5/2
(a2 - 4a + 6) erfc(a1/2) -

15xπ( 3
a5/2

+ 1
a3/2) + 90

a2] (16)

a ) 1
6
κ

2Lle (17)

RG
2 ) 1

6
Lle ∼ {L2 (for κRG j 1)

L6/5 (for κRG J 1) } (18)

8852 Park et al. Macromolecules, Vol. 33, No. 23, 2000



ing the effective step-length. Despite the simplicity of
this approximation, however, it gives correct results not
only for the swelling exponents of a chain with intramo-
lecular interactions17 but also for the chain adsorption
characteristics in several applications.17,18 Throughout
this paper we employ this effective step-length to
incorporate the intramolecular interactions, referring
to the literature for further details on this approxima-
tion.17

The differential equation for Green’s function in eq
13 is given by

with an initial condition

The Green’s function can be expanded as

where {λn} and {ψn(r)} are the sets of eigenvalues and
eigenfunctions, respectively, which can be obtained from

We impose the normalization of ψn(r) in such a way that

where the integration is over the pore volume V ) πR2h
with h the pore length. In terms of Green’s function,
the free energy of a polymer in a confinement relative
to that in a bulk fluid can be written as

The monomer density distribution can also be obtained
from Green’s function as

with ∫v F(r) dr ) 1.
Let us now consider the case of φ0 ) 0 and calculate

the steric partition coefficient of a polyelectrolyte chain.
Since U(r) ) 0, the relevant part of eq 22 in cylindrical
coordinates becomes

which yields

where νmn is the nth root of Jm(x), the Bessel function
of order m. In terms of these results, Green’s function
can be explicitly written as

By assuming h . RG, we obtain the partition coefficient

which goes to unity in the limit RG/R f 0. In the ideal
chain limit, i.e., le f l, eq 30 is then reduced to

which is identical to the result obtained by Casassa.11

Figure 5 depicts the steric partition coefficients as a
function of L for different values of κl. Throughout this
paper, the parameter values used are R/l ) 100, w/l )
1, and wcl ) 0.1. These values mean that we are
considering the good solvent condition by w > 0 with
the range of excluded volume interaction equal to l, and
the polymer charge density is given by x0.1 elemen-
tary charge per (llB)1/2. As shown in Figure 5, the
intramolecular interaction significantly reduces the
partition coefficient compared to the Casassa’s result,
since RG

2 ) Lle/6 gets always much larger than Ll/6.
For κRG J 1, the electrostatic interaction between pairs
of monomers is completely screened and the polyelec-
trolyte conformation follows the self-avoiding walk as
RG ∼ L3/5, resulting in the partition coefficient of the
self-avoiding chain (part E of Figure 5). For κRG j 1,
on the other hand, the polyelectrolyte gets stretched as
RG ∼ L and the partition coefficient is further reduced
compared to the self-avoiding chain result due to the

Figure 5. Partition coefficient with φ0 ) 0 for different values
of κl. The dotted line (KCasassa) is Casassa’s result for an ideal
chain. Throughout this paper, the parameter values used are
R/l ) 100, w/l ) 1, and wcl ) 0.1.
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manifestation of the confinement effect (parts A and B
of Figure 5).

IV. Effects of the Polymer-Pore Interaction in
the Weak Ionic Strength or Small Wall
Potential Regime

When the pore wall is maintained with nonvanishing
electrostatic potential φ0, the polymer-pore interaction
may become important in determining the polymer
conformation as well as the partition coefficient. In this
section, we consider the wall potential in eq 12 and
calculate the modified partition coefficient using the
first-order perturbation theory in the regime of weak
ionic strength or small wall potential.

We first examine a limiting situation of κR f 0, and
consider the following Hamiltonian

By solving the corresponding eigenvalue equation

one can obtain the eigenvalues and the eigenfunctions
of H0 as

Here we have set the phase factor of ψ0n
(0), arising from

the constant shift of H0, equal to unity without loss of
generality. From these results, the partition coefficient
is obtained as

which is shown in Figure 6 (dotted lines) for various
values of âσlφ0.

For âσlφ0 > 0 (part A of Figure 6), K is monotonically
decreasing more rapidly than the case of âσlφ0 ) 0 (part
B of Figure 6), as L increases. For âσlφ0 < 0 (parts D
and E of Figure 6), however, K increases as L increases
in the small L regime, while K decreases as L increases
in the large L regime. It is possible to understand this

behavior by considering the limit of κR ) 0 and L . 1
as follows. In this limit, eq 14 yields le = (Bwc)2/3L with
B ) (4/45)(6/π)1/2, and the partition coefficient can be
approximated as

which exhibits local maxima at certain values of L for
âσlφ0 < 0. Equation 37 is therefore equivalent to the
partition coefficient of a rodlike polyelectrolyte (κRG j
1) in the weak ionic strength limit (κR f 0).

To study the screening effect, we now consider the
following Hamiltonian

where

In the weak ionic strength regime, i.e., κR j 1, the
potential within the pore varies smoothly and the
potential depth can be small enough to treat H1 as a
small perturbation. Then the set of eigenvalues {λ0n}
and eigenfunctions {ψ0n} of H can be written as

up to the first order in H1. Following the well-developed
perturbation theory for the Schrödinger-type equation,
we get the first-order corrections as

and

where

Using these results, the partition coefficient can be
obtained as

Figure 6. Partition coefficient for various values of âσlφ0 with
κR ) 0 (dashed) and with κR ) 1.0 (solid) from the perturba-
tion theory.
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which is shown in Figure 6 (solid lines) for κR ) 1.0.
The screening effect appears differently depending on
the sign of âσlφ0. For âσlφ0 > 0, K is enhanced due to
the screening of the repulsive wall potential, while, for
âσlφ0 < 0, K is reduced due to the screening of the
attractive wall potential. For âσlφ0 ) 0, K is slightly
enhanced since RG is slightly decreased due to the
screening of the monomer-monomer electrostatic in-
teraction.

We may roughly estimate the validity regime of our
perturbation theory as follows. When κR . 1, the
dimensionless potential depth for the whole chain goes
such as âσLφ0, which yields the condition

for our perturbation theory to be valid. When κR j 1,
on the other hand, the condition is changed to

since the potential depth is reduced by the factor of
(κR)2. This means that our perturbation theory may be
valid even for large values of |âσLφ0|, provided that κR
, 1. In addition, for sufficiently large values of L, our
perturbation theory is expected to be valid for any value
of |âσLφ0|, since le is an increasing function of L and
the “kinetic energy” prevails over the potential energy.
In this study, we treated the ionic solution using the
Debye-Hückel approximation and neglected the effects
arising from the entropy loss of counterions. The coun-
terion effect could play an important role in experi-
ments, in particular, in the weak ionic strength regime,
and care should be taken for the application of our
results in this section.

V. Effects of the Polymer-Pore Interaction in
the Strong Ionic Strength Regime

For κR J 1, the polymer can be localized near the pore
center or near the wall when the polymer-pore interac-
tion is strongly repulsive or strongly attractive, respec-
tively. One may then expect that the associated set of
eigenvalues of the Hamiltonian exhibits a well-sepa-
rated discrete spectrum, so that the lowest eigenvalue
mode dominates the others. In view of this, we use the
ground state dominance approximation

and follow the standard variational scheme to ap-
proximately estimate the partition coefficient. To this
end, we choose a trial ground-state eigenfunction as

where R is a variational parameter to be determined
later, and A is given by

from the normalization condition

The trial function is chosen to satisfy the following
boundary conditions:

Using the ground-state dominance approximation, the
monomer density distribution in eq 25 is reduced to

and the probability density of finding a monomer with
its radial position at r is given by

Figure 7 depicts P(r) for different values of R, where one
can see that the distribution is localized near the pore
center or near the wall as R decreases or increases,
respectively.

Using the trial function, we get the variational
ground-state eigenvalue as a function of the parameter
R as

To minimize λ0(R) with respect to R, we require

which we will solve numerically. Once we determine R0
in terms of given parameters, the partition coefficient
can be obtained as

K ) ∑
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The partition coefficients for âσlφ0 ) +0.01 and -0.01
are shown in Figures 8 and 9 (solid lines), respectively.
For comparisons, we also present the results from our
perturbation theory for the same parameters (dotted
lines), which are in good agreements with those of the
variational theory, especially for large values of L, as
will be discussed below.

For the case of strongly repulsive polymer-pore
interaction, the partition coefficient is shown in Figure
8 for various values of κR. As L increases, K monotoni-
cally decreases as expected, and, as κR increases, K
increases due to the enhanced screening of the repulsive
interaction. For κR J 1, the polymer-pore interaction
becomes a finite-ranged repulsive one, and consequently
the monomer distribution is localized near the pore
center. In the extreme case of κR . 1, K should follow
the steric partition coefficient since the polymer-pore
interaction is completely screened. Likewise, for large
enough values of L, the monomer distribution is no
longer localized due to the intramolecular interactions,
again yielding the steric partitioning behavior.

When the polymer-pore interaction is strongly at-
tractive, on the other hand, the partition coefficient
strongly depends on the value of κR as shown in Figure
9. The larger the value of κR, the more screening of the
polymer-pore attractive interaction occurs, yielding
smaller partition coefficients. In the extreme case of κR
. 1, the attraction is completely screened and K should
follow the steric partitioning behavior. For κR J 1, the
polyelectrolyte adsorbs to the pore wall and K increases
as L increases in the small L regime. However, for large
values of L, the monomer distribution is no longer
localized near the wall due to the repulsion between
monomers, following the steric partitioning behavior as
in the case of the strongly repulsive interaction. This is
why our perturbation theory remains valid, irrespective
of the polymer-pore interaction characteristics, only if
L is sufficiently large so that the intramolecular inter-
actions mainly govern the monomer density distribu-
tion.

VI. Summary
The polyelectrolyte partitioning into a pore is basically

a phenomenon of interplay or competition between steric

and electrostatic polymer-pore interactions, depending
upon the ionic strength of surrounding fluids. When the
electrostatic interaction is repulsive, it adds to the steric
interaction and the polymer can hardly be inserted into
the pore. For the case of attractive electrostatic interac-
tion, on the other hand, the steric interaction competes
with it, and the partition coefficient can exhibit local
maxima as the polymer size changes. In this study, we
have shown how the partitioning behavior is modified
due to the intramolecular interactions. The electrostatic
interaction between monomers adds to the excluded
volume interaction, which determines the polymer
conformation depending upon the ionic strength. The
polymer size, determined by the intramolecular interac-
tion, turns out to be a crucial factor in the partitioning
of polyelectrolytes just as the particle size is a key
parameter in the partitioning of colloids.

In the presence of ionic solutions, there appears a new
relevant length scale κ-1, the Debye screening length,
in addition to the pore size R and the polymer size RG.
The polyelectrolyte partitioning can be understood in
terms of these three length scales. When RG , R and
RG , κ-1, the polyelectrolyte can be considered as a
colloidal particle and the partitioning behavior follows
that of a charged particle. In the limit of κ ) 0, for any
value of R and RG, the electrostatic potential within the
pore has a constant value and the constant-shifted free
energy determines the partitioning behavior. When κR
j 1, the electrostatic potential within the pore smoothly
varies, and our perturbation theory works as a good
approximation to examine the screening effect for any
value of RG. For R J RG J κ-1, finally, the polyelectrolyte
gets localized near the wall or near the pore center
depending upon the sign of the wall potential. In this
regime, the polymer-pore interaction mainly governs
the partitioning behavior, where our variational theory

Figure 7. Variational monomer density distribution for
different values of the variational parameter R.

Figure 8. Partition coefficient with a strongly repulsive pore
wall (âσlφ0 ) 0.01), calculated from variational theory (solid)
and perturbation theory (dashed).

Figure 9. Partition coefficient with a strongly attractive pore
wall (âσlφ0 ) -0.01), calculated from variational theory (solid)
and perturbation theory (dashed).
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proves to be a good approximation. It should be pointed
out that both the perturbation theory and the varia-
tional theory give the same result for a very long chain,
irrespective of the polymer-pore interaction param-
eters, since the intramolecular interaction mainly de-
termines the monomer density distribution. This signi-
fies that the intramolecular interaction is as much
important as the polymer-pore interaction in determin-
ing the partitioning behavior.

Regarding the excluded volume effects and the chain
stiffness, currently known results from experiments and
computer simulations are in reasonable agreements
with theoretical predictions.1 To our knowledge, how-
ever, effects of electrostatic interactions have not been
explored experimentally in the partitioning of polymers.
Lin and Deen examined theoretically the effects of
various long-range polymer-pore interactions,4 yet their
predictions remain to be confirmed. It would be inter-
esting to verify experimentally their results as well as
the effects of intramolecular electrostatic interactions
examined in this paper.
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